When considering transition-metal dichalcogenides (TMDCs) in van der Waals (vdW) heterostructures for periodic ab-initio calculations, usually lattice mismatch is present, and the TMDC needs to be strained. In this study we provide a systematic assessment of biaxial strain effects on the orbital, spin-orbit, and optical properties of the monolayer TMDCs using ab-initio calculations. We complement our analysis with a minimal tight-binding Hamiltonian that captures the low energy bands of the TMDCs around K and K' valleys. We find characteristic trends of the orbital and spinorbit parameters, as a function of the biaxial strain. Specifically, the orbital gap decreases linearly, while the valence (conduction) band spin splitting increases (decreases) nonlinearly in magnitude, when the lattice constant increases. Furthermore, employing the Bethe-Salpeter equation (BSE) and the extracted parameters we show the evolution of several exciton peaks, with biaxial strain, on different dielectric surroundings, which are particularly useful for interpreting experiments studying strain tunable optical spectra of TMDCs.
I. INTRODUCTION
A vastly evolving field of condensed matter physics is that of two-dimensional (2D) vdW materials and their hybrids.
The available material repertoire covers semiconductors 1-5 (MoS 2 , WSe 2 ), ferromagnets [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] (CrI 3 , CrGeTe 3 ), superconductors [22] [23] [24] (NbSe 2 ), and topological insulators 25 (WTe 2 ), which offer unforeseen potential for electronics and spintronics 26, 27 .
For example, monolayer TMDCs are direct band gap semiconductors with remarkable physical properties [1] [2] [3] [4] [5] 28, 29 , specially in the realm of optoelectronics 30 , optospintronics [31] [32] [33] , and valleytronics [34] [35] [36] . Currently, TMDCs, being stable in air, are a favourite platform for optical experiments including optical spin injection due to helicity-selective optical excitations 37 .
The ability to control and modify the electronic, spin, and optical properties of 2D materials is extremely valuable for investigating novel physical phenomena, as well as a potential knob for device applications. One possibility to do so in TMDCs is by deforming the crystal lattice via strain engineering [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Recent experiments have shown that strain modulation is very effective and can lead to changes in the optical transition energies by hundreds of meV with just a few percent of applied strain 38, 39, [42] [43] [44] [45] . Even more interesting is that this strain modulation is completely reversible 42, 43 . As a general trend observed in the experimental studies, biaxial strain induces a significantly stronger modulation when compared to uniaxial strain, a fact also supported by ab-initio calculations 48, 49 . Furthermore, by strain engineering it is possible to localize excitons in specific regions, which is a viable approach to obtain spatially and spectrally isolated quantum emitters based on 2D materials [50] [51] [52] [53] .
Strain plays also an important role when TMDCs are stacked on or sandwiched by other 2D materials creating vdW heterostructures 54, 55 . An example of inter-esting physics present in vdW heterostructures are the proximity effects 56 . Typical examples involving TMDCs are: spin-orbit coupling (SOC) induced in graphene by TMDCs 31, 57 and proximity exchange induced in the TMDC due to magnetic substrates 36, [58] [59] [60] .
Strain effects are extremely important from a theoretical point of view: by creating vdW heterostructures that fulfill the periodic boundary conditions of first-principles calculations, it is often necessary to adjust the lattice parameters of the materials involved, therefore leading to strained crystals. Certainly, the strain -which is biaxial in first-principles calculations -will modify the electronic structure of the TMDC and therefore a systematic analysis of its behavior can provide valuable insight not only from an experimental point of view but also to aid in the design of novel heterostructures.
Here we study the effect of biaxial strain on the orbital, spin-orbit, and optical properties of pristine monolayer TMDCs. We find that by tuning the lattice constant, the orbital band gap, as well as the spin splittings of the valence and conduction bands drastically change. Specifically, the orbital gap decreases linearly, while the valence (conduction) band spin splitting increases (decreases) nonlinearly in magnitude, when the lattice constant increases. The observed behaviour is universal for all studied TMDCs (MoS 2 , MoSe 2 , WS 2 , WSe 2 ). In addition, we show that spin splittings of the bands result from an interplay of the atomic SOC values of the transitionmetal and chalcogen atoms. Finally, by employing the Bethe-Salpeter equation we calculate the optical absorption spectra of the biaxially strained TMDC monolayers. We show the evolution of several exciton peaks and their energy differences as a function of strain, assuming different dielectric surroundings. We also extracted the gauge factors -the rates at which the exciton peak energies shift due to strain -which are relevant for comparison to experiments.
II. MODEL HAMILTONIAN
In the manuscript, we deal with TMDC monolayers. Therefore we need a Hamiltonian that describes the low energy bands of bare TMDCs around the K and K' valleys, including spin-valley locking. In Fig. 1 we show the orbital decomposed band structure of MoS 2 , as a representative example of a TMDC with general structure MX 2 (M for the transition metal atom, X for the chalcogen atom). The wave functions we use for the Hamil- tonian are |Ψ CB = |d z 2 and |Ψ τ VB = 1 √ 2 (|d x 2 −y 2 + iτ |d xy ), corresponding to conduction band (CB) and valence band (VB) at K and K', since the band edges are formed by different d-orbitals from the transiton metal, see Fig. 1 , in agreement with literature 1 . The model Hamiltonian to describe the band structure of the TMDC close to K (τ = 1) and K' (τ = −1) is
Here, v F is the Fermi velocity and the Cartesian components k x and k y of the electron wave vector are measured from K (K'). The pseudospin Pauli matrices are σ i acting on the (CB,VB) subspace and spin Pauli matrices are s i acting on the (↑, ↓) subspace, with i = {0, x, y, z}.
For shorter notation we introduce σ ± = 1 2 (σ 0 ± σ z ). TMDCs are semiconductors, and thus H ∆ introduces a gap, represented by parameter ∆, in the band structure such that H 0 + H ∆ describes a gapped spectrum with spin-degenerate parabolic CB and VB. In addition the bands are spin-split due to SOC which is captured by the term H soc with the parameters λ c and λ v describing the spin splitting of the CB and VB. The Hamiltonian H 0 + H ∆ + H soc is already suitable to describe the spectrum of bare TMDCs around the band edges at K and K'. The four basis states are |Ψ CB , ↑ , |Ψ τ VB , ↑ , |Ψ CB , ↓ , and |Ψ τ VB , ↓ .
III. GEOMETRY, BAND STRUCTURE, AND FITTED RESULTS
To study proximity effects in TMDCs, one has to interface them with other materials, for example CrI 3 to get proximity exchange 58 . In these heterostructures, usually lattice mismatch between the constituents is present, and we have to find a common unit cell for them, to be applicable to periodic DFT calculations. The usual approach is to create supercells of the individual materials, such that they can form a common unit cell, and strain is minimized. Therefore, we introduce biaxial strain on the TMDC lattice, up to a reasonable limit, in heterostructure calculations. An important question is, whether the biaxial strain, will influence the intrinsic properties, such as orbital gap and spin-orbit splittings, of the TMDC. Therefore we calculate the band structures of the monolayer TMDCs in a 1 × 1 unit cell, for different lattice constants, corresponding to biaxial strain of maximum ±3%.
The electronic structure calculations and structural relaxation of our geometries are performed with density functional theory (DFT) 61 with Quantum Espresso 62 . Self-consistent calculations are performed with the kpoint sampling of 30×30×1 for bare TMDC monolayers. We use an energy cutoff for charge density of 560 Ry, and the kinetic energy cutoff for wavefunctions is 70 Ry for the scalar relativistic pseudopotential with the projector augmented wave method 63 with the Perdew-Burke-Ernzerhof exchange correlation functional 64 . When SOC is included, the fully relativistic versions of the pseudopotentials are used. In order to simulate quasi-2D systems, a vacuum of at least 16Å is used to avoid interactions between periodic images in our slab geometries. Structural relaxations of the monolayers, are performed with quasi-newton algorithm based on trust radius procedure, until all components of all forces are reduced below 10 −4 [Ry/a 0 ], where a 0 is the Bohr radius.
In Fig. 2 we show the geometry of a TMDC monolayer with general structure MX 2 , where M is the transition metal (Mo, W) and X is the chalcogen atom (S, Se). The distance between two chalcogen atoms is d XX , the distance between the transition metal and the chalcogen atom is d MX , and the distance between two transition metal atoms is the lattice constant a. We consider a series of lattice constants, close to the experimental and theoretically predicted values of each TMDC, as summarized in Tab. I. The calculated band structure of MoS 2 including SOC is shown in Fig. 3 as a representative example for all considered TMDCs. In agreement with previous calculations 1,2,68,69 , we observe the spin valley coupling at K and K' point. We are able to fit the Hamiltonian, H 0 +H ∆ +H soc , to the low energy bands of the TMDC at In order to analyze the dependence on the lattice constant, i. e., biaxial strain, we allow the chalcogen atoms to relax in their z position, for every considered lattice constant. Thereby, we do not change the symmetry, but naturally the distances d XX and d MX will change, as we apply biaxial strain. We then calculate the low energy band structure around K and K' valley and fit the model Hamiltonian H 0 + H ∆ + H soc , for a series of lattice constants. In Fig. 4(top left) we show the fit parameters obtained for MoS 2 as function of the lattice constant. We find that the total energy E tot is minimized for the DFT predicted lattice constant 1 , which slightly deviate from the experimentally determined one for a bulk TMDC, also listed in Tab. I.
As we vary the lattice constant from smaller to larger values the distance between two chalcogen atoms d XX is getting smaller, while the distance between the transiton metal atom and the chalcogen atom d MX is getting larger, see Fig. 4(c) . The parameter ∆, describing the orbital gap at K and K' valley, decreases as we increase the lattice constant in agreement with literature 46, 49, [70] [71] [72] [73] . Note that for MoS 2 and strains of about -1.5% (+1.5%), when we have a smaller (larger) lattice constant, the band gap gets indirect 49, 71, 72 and is at K → Q (Γ → K), where Q is the CB side valley along K-Γ line, see Fig. 1 . For the other TMDCs, the situation is similar, but for different strain amplitudes. We will comment on the indirect band gap, when we discuss the absorption spectra. Tuning the gap with uniaxial or biaxial strain modifies the optical properties, such as the photolominescence spectrum, exciton-phonon coupling and circular dichroism 44, [74] [75] [76] . It has also been shown that strain applied to MoS 2 -based photodetectors can control the response time of the devices 47 .
The Fermi velocity v F , reflecting the effective mass, does not change drastically as we vary the lattice constant, but still we see some characteristic nonlinear trend.
Most interesting are the SOC parameters λ c and λ v , see Figs. 4(d,e ). Because we have two different atomic species in the unit cell, we consider the influence of the individual atoms, M and X, on the SOC parameters, which represent the spin-splittings of the CB and VB. For that we calculate the band structure once with SOC on both atom species and once we artificially turn off SOC on the chalcogen atom, by using a non-relativistic pseudopotential for it. This allows us to resolve the contributions from the M and X atom to the SOC parameters individually. The difference reflects the contribution from the chalcogen atoms to the splittings, see Figs. 4(d,e ).
We find that the parameter λ c decreases, while the parameter λ v increases with increasing lattice constant. Both parameters depend in a nonlinear fashion on the biaxial strain. At a certain lattice constant, the CB splitting in MoS 2 can even make a transition through zero, reordering the two spin-split bands in Fig. 3(b) . In addition, the differences (blue curve) in λ c and λ v decrease in magnitude, as we increase the lattice constant. This we can understand from the fact, that the spinsplittings of CB and VB are resulting from an interplay of the atomic SOC values of the transition-metal and the chalcogen atoms, as derived from perturbation theory in Ref. 69 . We confirm that the chalcogen atom has a negative contribution to the CB splitting and a positive contribution to the VB splitting, while the transition metal atom gives positive contributions to both splittings, in agreement with Ref. 69 . In Fig. 4 we explicitly show, how the spin splittings depend on the lattice constant and how the different atom types contribute to it. What is still missing so far, is a microscopic orbital-based description, how the spin splittings depend on the lattice constant and respective distances, as for example derived for graphene 77 .
In a similar fashion we calculate the same dependence on the lattice constant for other TMDCs, see Fig. 4 . For all of them, we can observe similar characteristic trends of the parameters, varying as function of the lattice constant. The fitted parameters as a function of the lattice constant are summarized in Tab. II. An interesting observation is that the CB SOC parameter λ c for Mo-based systems is opposite in sign compared to W-based materials, as already pointed out in earlier works 1, 68, 69 . (1) for all four TMDCs and different values of biaxial strain. The lattice parameter a is given inÅ, ∆ is given in eV, vF is given in 10 5 m/s and λc, λv are given in meV.
IV. STRAIN TUNABLE EXCITONS
Starting from the effective Hamiltonian given in Eq. (1) and fitted parameters shown in Fig. 4 , we compute the excitonic spectra of the strained monolayer TMDCS for different bright excitonic states (the s-like excitons) that can be directly probed in experiments. We use the effective Bethe-Salpeter equation (BSE) 58,78-81 with the electron-hole interaction mediated by the Rytova-Keldysh potential [82] [83] [84] [85] . The screening lengths of the TMDCs are taken from the study of Berkelbach, Hybertsen, and Reichman 85 . The BSE is solved on a 2D k-grid from -0.5 to 0.5Å −1 in k x and k y directions with total discretization of 101 × 101 points (leading to a spacing of ∆k = 10 −2Å −1 ). To improve convergence, the Coulomb potential is averaged around each k-point in a square region of −∆k/2 to ∆k/2 discretized with 101 × 101 points 58, 79 .
We focus on two different exciton types: the so-called A and B excitons. In Mo(W)-based TMDCs, the A excitons are formed by the first valence band and first (second) conduction band while B excitons are formed by the second valence and second (first) conduction bands, sketched in Figs. 5(a-b) . In Figs. 5(c-f) we show the behavior of the total energy of A and B excitons as a function of the applied biaxial strain in two different dielectric environments: bare (effective dielectric constant of ε = 1.0) and hBN encapsulated TMDCs (effective dielectric constant of ε = 4.5 86 ). The subindices 1s and 2s indicate the first and second s-like exciton states, respectively. Despite the nonlinear behavior of λ c , λ v and v F seen in Fig. 4 , the A excitons evolve in quite a linear fashion with the same qualitative behavior for all TMDCs. On the other hand, the B excitons show a different behavior for Mo and W-based TMDCs as function of strain. For the bare case, in Mo-based TMDCs the B exciton would be the second visible absorption peak while in W-based TMDCs additional peaks of the A excitons would be visible at energies lower than the peaks of the B excitons. Once we change the dielectric environment from bare to hBN-encapsulated, the ordering of the excitons peaks changes in MoS 2 and MoSe 2 , i. e., the B exciton is no longer the second visible peak. Nevertheless, the same qualitative behavior as function of the biaxial strain holds as discussed for the bare TMDCs case.
MoS2
MoSe2 One important figure of merit to analyze the strain dependence is the so called gauge factor of the exciton peaks, i.e. the rate of energy shift of the exciton energies due to the applied strain, typically given in meV/%. In Table III , we present the gauge factors for the exciton peaks, i. e., the total energy given in Fig. 5 (c-f), extracted as a linear fit in the -1.5% to 1.5% strain range. As a general trend, the strength of the gauge factors follow the order MoSe 2 < MoS 2 < WSe 2 < WS 2 , and the effect of changing the dielectric surroundings modifies only 2 -4 meV/%, which can be at the scale of experimental uncertainty. Although we have not taken into account corrections to the band gap, our calculated exciton behaviors are in good agreement with GW-BSE ab initio calculations from Frisenda et al. 46 , also shown in Table III for comparison to our results. From the experimental perspective, the amount of studies on biaxial strain is still very scarce and mainly limited to MoS 2 . For the available gauge factors in MoS 2 , Plechinger et al. 40 found -105 meV/% for the A exciton, Lloyd et al. 43 -99 ± 6 meV/% for both A and B excitons and Gant et al. 47 a value of -94 meV/% for the A exciton. Furthermore, the study of Frisenda et al. 46 also determined experimentally the gauge factor of MoSe 2 , MoS 2 , WSe 2 and WS 2 but the values are smaller than the theoretical results, most likely because the strain present in the substrate is not fully transferred to the TMDC and the calibration is not a straightforward task, as already discussed by the authors 46 . Besides the total exciton energies, it is also helpful to look at how the energy separation of different excitonic levels change under the applied strain. These behaviors are summarized in Fig. 6 for all TMDCs considered here and the corresponding gauge factors are presented in Ta-ble IV. Although the change in the dielectric environment has a minor effect in the gauge factors (2 meV/% or less), it drastically changes the total energy difference by hundreds of meV for the A 2s -A 1s and B 2s -B 1s exciton separation (by comparing solids and dashed lines of squares and circles in Fig. 6 ). On the other hand the energy separation of B 1s -A 1s excitons is only affected by few or tens of meV (by comparing solids and dashed lines of triangles in Fig. 6 ). Furthermore, the gauge factor of B 1s -A 1s energy difference for W-based compounds is one order of magnitude larger than the Mo-based compounds, reflecting the larger increase of λ v (see for instance Fig. 4 ). We point out that for WSe2 our calculations reveal the same trends as in recent experiments with uniaxial strain from Aslan et al. 44 , in which they found a gauge factor of -6±1 meV/% for the A 2s -A 1s exciton separation and 10 meV/% for B 1s -A 1s exciton separation.
V. SUMMARY
We have shown that applying biaxial strain to monolayer TMDCs induces drastic changes to their orbital, spin-orbit and, consequently, optical properties. Furthermore, we showed for the first time on a quantitative level, how the spin-orbit band splittings in a TMDC, depend on biaxial strain and on the SOC contributions from the individual atoms. Additionally, by employing the Bethe-Salpeter equation combined with a minimal tight-binding Hamiltonian fitted to the ab initio band structure, we have calculated the evolution of several exciton peaks as function of biaxial strain and for different dielectric surroundings. Specifically, we found that the gauge factors are slightly affected by the dielectric environment and are mainly ruled by the atomic composition, with the ordering MoSe 2 < MoS 2 < WSe 2 < WS 2 . Our results provide valuable insights on how strain can modify the TMDC properties within van der Waals heterostructures and the parameter sets we provided can be applied to investigate other physical phenomena.
